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3 1. Preliminaries 
It is well known that on a complex manifold the notions “pseudo- 
convex function”1) and “plurisubharmonic function in the sense of 
H. Grauert and R. Remmert”2) are the same. On a complex space with 
non-uniformizable points, it is evident that the former is always included 
in the latter, but it is as yet unknown whether the latter is included in 
the former or not. 3) This question is answered affirmatively in the case 
of a normal Stein space 4) 9, in such a way that the latter function is 
uniformly approximated by a sequence of functions of the former kind. 
The purpose of my paper is to prove this fact. 
DEFINITION 1. A function v(z), z=(zi, . . . . z,) defined on a domain Q 
(Can) is said to be plurisubharmonic 5) in Q, if it satisfies the following 
conditions : 
i) Its values are in Q U { - oo}. 
ii) ~(2) is upper semi-continuous in every point 20 E a: 
lim q(z) 5 &zo) 
MS, 
but, y(z) f -w. 
iii) If zEO, uECj%-(0) and a(u) --z-t- uu, (u ~41) is a holomorphic 
mapping of CJl into @, q~ o (T is a subharmonic function or = - 00 
on every connected component of u-l(a). 
DEFINITION 2. A function y(z) defined on a complex space g is said 
to be pseudoconvex 6) on 9, if its values are in ‘83 u { - oo}, and for any 
point x E 9, there exists a neighbourhood U of x with a biholomorphic 
mapping t of U onto an analytic set bl in a domain (7 (C@), such that 
‘) “Pseudoconvex function” defined in [ 73, p. 266 is also called “convex fur&ion” 
in [5], p. 199 for the sake of brevity. 
a) Cf. [3], p. 179. 
3) Cf. [7], p. 267. 
4) About the definition of “normal complex space”, see [S*], p. 260. 
5) Cf. [7], p. 269 & [t], p. 176. 
“) Cf. [7], p. 266. 
322 
for some plurisubharmonic function q~ on G, the following relation holds: 
On the other hand, H. Grauert and R. Remmert have defined “pluri- 
subharmonic functions in complex spaces” as follows: 
DEFINITION 3a. = Definition of plurisubharmonic functions in com- 
plex spaces I). 
A function p(x) defined on a complex space 9 is said to be plurisub- 
harmonic on SZ’, if it satisfies the following conditions: 
i) Its values are in Q U { - oo}. 
ii) p(x) is upper semi-continuous in every point 20 E 9: 
7 
km p(x) 5p(x0) 
“‘Z. 
iii) If Q is any holomorphic mapping of a domain W (C CJl) into a complex 
space 9, r, o Q is a subharmonic function in W. 
DEFINITION 3b. = Definition of plurisubharmonic function in a point 
XOESi?. 
A function ~(2) is said to be plurisubharmonic in 20 E W, if there exists 
a neighbourhood U of x0, such that p(x) is plurisubharmonic on the 
complex space U in the sense of Def. 3a. 
The conditions corresponding to i), ii), iii) of Def. 3a are also written 
i), ii), iii) of Def. 3b. 
From the above definitions, we have the following lemma. 
LEMMA 1. A function p(x) on a complex space 9%’ is plurisubharmonic 
on 9, if and only if P(X) is plurisubharmonic in each point II: E 9. 
PROOF. Let p(z) be plurisubharmonic in each point x E @?. Clearly, 
p(x) satisfies the conditions i), ii) of Def. 3a. We must verify iii) of Def. 3a. 
Let e be a holomorphio mapping of a domain W (Cql) into W. For any 
z E W, x=e(z) has a neighbourhood U on which ~(2) is plurisubharmonic. 
Then, p o e is subharmonic on e-l(U) which is a neighbourhood of z (by 
Def. 3b). This means that p o e is subharmonic on W (CQ). 
In connection with Def. 1, we write the following useful lemma. 
LEMMA 2. Let pl be a plurisubharmonic function on a domain G 
(C@) and o be any holomorphic mapping of a domain W (C Cjr) into G. 
Then, q~ o a is a subharmonic function on W. 
PROOF. The proof can be found in [3] 2). 
It is quite easy to obtain Def. 3a from Def. 2 as follows: 
1) Cf. [3], p. 179. 
2) Cf. [3J, p. 178-179. 
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THEOREM 1. Let 9 be a complex space, and y(z) be pseudoconvex 
on 9. Then, y(z) is also plurisubharmonic on 9. 
PROOF. For any point xa E W, there exists a neighbourhood U of x,-, 
and a biholomorphic mapping z of U onto an analytic set M (E Gr Cqn), 
with q(z) which is plurisubharmonic on G, such that 
y=q7oz on U. 
Clearly, v(x) satisfies i), ii) of Def. 3b, because v(z) satisfies i), ii) of Def. 1. 
We must prove iii) of Def. 3b. 
Let e be a holomorphic mapping of a domain W (Cal) into U. Then, 
from the fact that y(z) is plurisubharmonic on G and t o Q is a holomorphic 
mapping of W into G, we can see that 
is subharmonic on W (by Lemma 2). Then, y(x) satisfies iii) of Def. 3b 
in x0, and is plurisubharmonic in ~0. Since $0 is an arbitrary point of 9?, 
y(z) is plurisubharmonic on 9%’ (by Lemma 1). 
The main purpose of my paper is to prove the converse of Theorem 1 
in case W is a normal Stein space. 
THEOREM 2. Suppose that W be a normal Stein space, and let p(x) 
be plurisubharmonic on B?. Then, p(x) is uniformly approximated by a 
sequence of pseudoconvex functions on 9. 
$ 2. Proof of Theorem 2 
To prove Theorem 2, we prepare some lemmas. First we present an 
important embedding theorem of R. NARASIMHAN (in 1960). 
LEMMA 3. Any Stein space of dimension n admits an one-one proper 
holomorphic mapping into CP+l. 
PROOF. The proof can be found in [a]. 
The following lemma about the inverse image of an one-one proper 
holomorphic mapping between complex spaces, was given by R. REMMERT 
in 1957. 
LEMMA 4. Let $%?‘, 9” be complex spaces, and t be an one-one proper 
holomorphic mapping of 9 into 9’. Then, z(W) is a closed complex sub- 
space of W’ and z-1 : z(9) -+ 94? is also holomorphic, i.e. z is a biholomorphic 
mapping of W onto z(W). 
PROOF. The proof is in the paper of R. REMMERT. 1) 
Next we mention some properties of plurisubharmonic functions. The 
l) Cf. [6], p. 362-363. See the footnote in p. 363. 
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idea of plurisubharmonicity is invariant under holomorphic mappings as 
follows. 
LEMMA 5.1) Let p be a plurisubharmonic function in a complex 
space &? and t: 9’ --f 9? a holomorphic mapping of a complex space 9 
into 9. Then, p o t is a plurisubharmonic function in w’. 
The following approximation theorem on plurisubharmonic functions 
in Cj* is very useful for our proof of Theorem 2. 
LEMMA 6. = Bremermannk Theorem 2). Let D be a domain of 
holomorphy in qN and u(z) be plurisubharmonic in D. Then, for any 
compact set K C D and for any E> 0, there exist m functions fl, fz, . . . , fm 
which are holomorphic in D, and m positive numbers cl, CZ, . . . , cm, such 
that if we put 
4@ = 1,“a&{“” log If&N)t 
we have 
IT.+)--v(z)[<E on K. 
PROOF. See [2]. 
On a complex manifold, especially on CjN, the notions pseudoconvex 
function and plurisubharmonic function are the same. 3) Then, Richberg’s 
Theorem 4) about the extension of a pseudoconvex function in a para- 
compact complex space is also true for a plurisubharmonic function inQN. 
LEMMA 7. = Richberg’s Theorem. Let C* be a closed subspace in 
CP’ and p be a plurisubharmonic function on C*. Then, there exists a 
neighbourhood 77 of C* in CJ and a plurisubharmonic function v on U, 
such that 
qp*=y. 
Furthermore, by Bremermann’s result, a plurisubharmonic function in 
a domain D in CP can be extended as follows. 
LEMMA 8.5) Let D be a domain in qN and fi be a minimum domain 
of holomorphy which contains D. Let q be a plurisubharmonic function 
on D. Then, there exists a plurisubharmonic function $5 on d, such that 
@ID-fJJ. 
We try to prove Theorem 2 with the aid of lemmas prepared above. 
1) Cf. [3], p. 180. 
a) Cf. [2], p. 178-179. 
8) Cf. [7], p. 267. 
4, Cf. [7], p. 276-277. This theorem for strongly plurisubharmonic functions 
is &o true for plurisubharmonic functions, when C* is a closed subspace in 9”. 
5) Cf. [l], p. 68-63. 
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PROOF OF THEOREM 2. Let 9? be a Stein space of dimension n. 
Then, 9 is mapped by an one-one proper holomorphic mapping u into 
CJz*+l (by Lemma 3). The image a(W) is a closed subspace of Q*+l and 
D is a biholomorphic mapping of 9 onto a(%) (by Lemma 4). Hence, 
for a plurisubharmonic function p(x) defined on 9, 
fp 0 a-l=q 
is also plurisubharmonic on o(W), which is a subspace of Qn+l (by 
Lemma 5). q(z) on u(9) can be extended to the domain D which is a 
neighbourhood of u(9) (by Lemma 7). Then, q(z) on D can be extended 
again to the minimum domain of holomorphy f) (by Lemma 8). Thus, 
we have the following result (P). 
(P) : A plurisubharmonic function q(z) defined on u(W) (C Q”+l) can be 
extended to the minimum domain of holomorphy B, such that 
u(9)CDCD). 
We denote this extended plurisubharmonic function on f) by the same 
symbol q(z). 
Then, for o(a) (C d) and for any E> 0, there exist m functions 
fl, f2, *‘a, fm which are all holomorphic in a and m positive numbers 
Cl, c2, **-, cm, such that for the plurisubharmonic function 
ix4 = 1 :;zrn bk 1% Ifkm 
we have 
Id4 - PWl < E on u(W). 
(For this see Lemma 6.) 
On the other hand, for any ~0 (E a), there exists a neighbourhood U 
of 20 with a biholomorphic mapping t of U onto an analytic set JI in a 
domain G (Can), such that M is mapped by a biholomorphic mapping 
u o z-1 into u(W). Then, 
gE=fK 0 u 0 z-1 (k= 1, . . . . m) 
is also holomorphic on 2M. 
Since W is normal, there exists a holomorphic function &(Z*), z* ECj” 
(k=l, a.., m) defined on a domain G (il.2 C G C G), such that 
&(z*) =g&*) on M. 
Hence, we have a plurisubharmonic function 
$%*‘=,,“,“,-,(“k log ~s;c(~*)~) 
defined on 6, such that for q o u o z-1 = 21 o z-1 and for any E > 0, it follows 
Ip 0 rl(z*)--p(z*)I <E on M. 
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Consequently, for a given plurisubharmonic function p(s) on 9 and 
for any E> 0, there exists a pseudoconvex function 
defined on 9, such that 
U is a neighbourhood of an arbitrary point xo in 9%‘. Thus, Theorem 2 
is completely proved. 
At the end of this 5 2, we point out an important remark concerning 
Theorem 2. If we consider, for sufficiently small 6 > 0, the strongly pluri- 
subharmonic function 
instead of Q(z), we have for any E> 0 
14(z)-@+&)I (6 on o(W). 
Then, we have the following Theorem 3 which is stronger than Theorem 2. 
THEOREM 3. Let W be a normal Stein space and let ~(2) be pluri- 
subharmonic on 9’. Then, p(x) is uniformly approximated by a sequence 
of strongly pseudoconvex functions on 9. 
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